Abstract: Among the many kinds of network topologies, the crossed cube is one of the most popular. It is a variant of the hypercube with some attracting properties. A network topology is usually represented by a graph, where vertices and edges of the graph represent the nodes and communication links of the network. In this paper, we investigate the r-hyper-panconnectedness of faulty crossed cubes. A graph is said to be -hyper-panconnected if for any two distinct vertices and of , it contains a Hamiltonian path starting from such that ( , ) = for any integer satisfying ≤ ≤ | ( )| − 1, in which ( , ) denotes the distance between and in . Let be an -dimensional crossed cube. We demonstrate that for any one faulty vertex of and for any two distinct vertices and of − * +, ≥ 5, there exists a Hamiltonian path of − * + starting from such that ( , ) = for any integer satisfying 2 ≤ ≤ 2 − 2. That is, the crossed cube of one vertex fault is 2 -hyper-panconnected.
Introduction
In parallel and distributed computation, a network topology is essential and important because it determines the performance of a network. Among the many kinds of network topologies, the crossed cube is one of the most popular. It is a variant of the hypercube, and it has more attracting properties than the hypercube. A network topology is usually represented by a graph, where a vertex of the graph represents a node of the network whereas an edge of the graph represents a communication link of the network. Before introducing the crossed cube, we give some terminologies of graph theory. Let = ( ( ), ( )) be an undirected graph, where ( ) and ( ) are vertex set and edge set, respectively. Two vertices and of are adjacent if ( , ) ( ). A graph is a subgraph of , which is denoted by , if ( ) ( ) and ( ) ( ). Moreover, if ( ) = ( ), then is a spanning subgraph of , or we can say that spans . A path of length , ≥ 1, from vertex to vertex in is a sequence of distinct vertices , , , , -such that = , = , and ( , ) ( ) for 1 ≤ ≤ . The length of path , denoted by ( ), is the number of edges of . We can also write as , , , , , , , , -for convenience if = , , , -is a segment of , where ≤ . The reverse of , denoted by ( ), is defined as ( ) = , , , , -. such that ( , ) = for any integer satisfying ≤ ≤ | ( )| − 1. In this paper, we discuss the -hyper-panconnectedness with respect to crossed cubes of faulty vertices. The formal definition of crossed cubes is introduced in Section 2. The hyper-panconnectedness of crossed cubes was first proposed in [3] . It is shown in [3] that for any two distinct vertices and of an -dimensional crossed cube , there exists a Hamiltonian path of starting from such that ( , ) = for any integer satisfying ( , ) ≤ ≤ 2 − 1 and ( , ) 1. This result is for a crossed cube without any faulty vertex. However, in practice, vertex faults and edge faults may happen when a network works. Therefore, it is meaningful to consider graph properties with respect to faulty networks. For simplicity as our first milestone, we consider that there exists one faulty vertex in the crossed cube. Although the number of faulty vertices is one, the result is not trivial. In this paper, we demonstrate that for any one faulty vertex of and for any two distinct vertices and of − * +, ≥ 5, there exists a Hamiltonian path of − * + starting from such that ( , ) = for any integer satisfying 2 ≤ ≤ 2 − 2. The remainder of this paper is organized as follows. In Section 2, the definition and some properties of crossed cubes are introduced. In Section 3, we propose and prove our main result of the -hyper-panconnectedness of crossed cubes with one vertex fault. Finally, our concluding remarks are provided in Section 4.
Preliminaries
A crossed cube of n-dimensions, denoted by , has 2 vertices, and each vertex of is identified by a unique -bit binary string. Let = and = be two binary strings of length two. Then, and are pair-related, denoted by , if and only if ( , ) *( , ), (1 ,1 ), ( 1,11), (11, 1)+. With the concept of "pair-related", we can define crossed cubes as follows [4] : The crossed cube is constructed recursively from , in which is a complete graph with two vertices 0 and 1. For ≥ 2, 
The R-Hyper-Panconnectedness
In this section, we propose and prove the following theorem as our main result. 
Proof. We prove this theorem by induction. The correctness of the induction base is verified by our computer program. As the inductive hypothesis, assume that this theorem holds for any , 5 ≤ ≤ − 1. We show that this theorem also holds for . Without loss of generality, we assume is in . According to the possibilities of and , we need to consider the following six cases. Case 1. * , + ( ). In this case, we also need to distinguish four subcases. Subcase 1.1. 2 ≤ ≤ 2 − 2. By the inductive hypothesis, there exists a Hamiltonian path of − * + starting from such that ( , ) = . We can write as , , , , , -for some vertex . Note that
Let be a vertex of − *( ) +. By Lemma 1, there exists a Hamiltonian path of joining ( ) and . We set = , , , , , , ( ) , , -, and is a Hamiltonian path of − * + such that ( , ) = . 
